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The representation of the proper Lorentz group by 
nonsingular complex quaternions is, of course, a quite 
obvious one, since it is well known 1 that spatial rota-
tions may be represented by real quaternions, while 
velocity transformations may be identified with rotations 
by imaginary angles, which, therefore, may be repre-
sented by quaternions with imaginary vector part and 
real scalar part. Since any proper Lorentz transforma-
tion is the product of one velocity transformation with 
one spatial rotation, the representation of this group 
by nonsingular complex quaternions is established. W e 
whish to cast this representation in a form useful for 
applications. 

1. Any x^Qc with x * x = S ( x * x ) is of the form 
x = x{l + it} with xeC, r e £ 3 , te R. Furthermore, 

x = q x q , (1) 
with q q+ 0, is a linear mapping of this subspace on it-
self, which leaves the scalar product (x, y) = — S(x*y) 
invariant. Moreover, if Im (q q*) = 0, arg x is also left 
invariant and (1) represents a Lorentz transformation 
r + i t r' + i t. 

2. Any q e Qc is of the form 2 

q = Xqyq-2, (2) 
with l e c , qj = q,- F l - nf V2+V1 + yj/ V2 , q j e E3, 
(Qi, Pi) = 1» n^R, - K y z ^ +1, + l ^ y 1 < + o o , 
which may be interpreted as fo l lows. 

9 = q Vl-yf V2 + Vl + yj V2 with q e E3, (q, q) = 1 , 
— l ^ y f ^ + l i s a real normalized quaternion, there-
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fore, q = q As is well known, x^-x' — qxq 1 is a 
spatial rotation with rotation vector = q arc cos y. 

q = qVl-y/V2+Vi+j/V2 with q e £ 3 , (q,q) = 1 , 
+ 1 Ss y < + 0 0 is a complex normalized quaternion 
with Re V(q) = Im S(q) =0, therefore, q = q. As is 
also well known, x-> x' = q x q is a velocity trans-
formation with velocity vector ö = q]/y2 — l / y , namely 

r - > r ' = [0, [r, d]]/d2 + o{t + (0, r ) / o 2 } / F l - d 2 , 

t ^ t ' = { t + (0, r ) } / F l - o 2 . 

Thus by (1) and (2) with A = l , we have reestablished 
the representation of the proper Lorentz group by nor-
malized complex quaternions, where any transformation 
is given by the product of one velocity transformation 
with one rotation. 

3. Eq. (2) may be applied to any product q = q 3 q \ , 
with — 1 <C y3 , y4 + in which case X = \. The re-
sult is trivial if - 1 < y3 + 1 , + 1 y4 < + 0 r 
vice versa, and almost trivial if — 1 <C y3, y4 £3 + 1 , 
since in the latter case the product of two rotations is 
one rotation times the identity velocity transformation. 
If + 1 y3 , y4 < -f 00, the product of two velocity-
transformations is given 2 by the product of one rota-
tion by the rotation vector 

r- _ [ t -VUj 
0 2 ~ I [0 . .0JI 

f 1 (1 +y3) ( l + y 4 ) [ l + y , y 4 ( l + ( 0 , , 04) )] \ 
•arc cos j l - ^ „ j , ^ , ( 

with one velocity transformation by the velocity 

_ 03 + 04/^8 + 03(03. Pj) (?3-l) />'3 032 

1 + (O3, o4) 

which, of course, is just the theorem of velocity ad-
dition. 

SO (3, R ) , uj=—ilj, e.g. irreducible representations with 
weight I, the most familiar ones are those with weight l = \ 
(Ij = Oj, Pauli-matrices) and / = 1, ( l j ) k l = — i £ j k l • 
The following notation is used. C: field of complex numbers, 
R : field of real numbers, Q c : field of complex quaternions, 
E3: three dimensional euklidean space, V \q) and S(q) are 
the vector part and the scalar part, respectively, of a qua-
ternion q=V(q) + S(q). q* is obtained from q by complex 
conjugation of coefficients. 
q+=-V(q)+S(q), q~x = q+!qq\ q= (<7*) = iq'1) *• 

2 This is easily verified by performing the multiplications and 
comparing real and imaginary coefficients. 
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Der Ordinatenmaßstab in Abb. 2 ist um einen Faktor 5 /3 falsch; der höchste eingetra-
gene Wert muß entsprechend 10 (statt 6) mb heißen. 
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